We calculate the emission rate of Hawking radiation from the cosmological horizon by quantum tunneling approaches. Using the Hamilton-Jacobi and the null geodesic methods, two typical observations are obtained. First, the spectrum of radiation is not strictly pure thermal. Second, the value of the cosmological constant decreases. Our calculation is different from other similar works about Hawking radiation from the cosmological horizon in that the horizon does not shrink but expands by taking into account the back-reaction effect. We show that when a positive frequency particle is materialized near the cosmological horizon, the contribution of a negative frequency partner to the background geometry lowers the value of the cosmological constant. We also touch upon thermodynamics of de Sitter space and the quantum creation of universe.
I. INTRODUCTION
Understanding of black hole physics is believed to be a hint for the quantum theory of gravity. Among others, Hawking radiation from black holes is one of the most striking effects that is known to arise from the combination of quantum mechanics and general relativity. There are several derivations of Hawking radiation. Hawking's original derivation, which calculates the Bogoliubov coefficients between in and out states for a body collapsing to a black hole, is the most direct and physical [1, 2] . Derivations based on Euclidean quantum gravity are very straightforward [3] . Path integral derivation by Hartle and Hawking uses the Kruskal extension of spacetime and the physical time is analytically continued to the imaginary time. Then Hawking temperature of the spacetime is equal to the imaginary time period of a semiclassical propagator [4] . These derivations, however, treat the background geometry fixed, and energy conservation is not enforced during the emission process. Evidently, a black hole loses its mass when particles are emitted. Hence, conventional approaches to derive Hawking radiation can not describe more realistic mass decreasing phenomena.
Recently, Parikh and Wilczek derived Hawking radiation as a quantum tunneling process where energy conservation plays a fundamental role [5] . Their tunneling picture is based on a pair creation of particles near the event horizon with zero total energy. If a negative energy particle is closer to the center of the black hole than a positive energy particle, the positive energy particle will see, by virtue of Birkhoff's theorem, as the horizon move inward and may find itself on the outside of the horizon. Then, if the positive energy particle is radiated away from near the outside of the contracted horizon to infinity, the mass of the black hole decreases because the negative energy partner remains inside the horizon of black hole. * Electronic address: sekiwa@stu.rikkyo.ne.jp
As a consequence, the horizon contracts from its original radius to a new smaller radius. In this process, the classical one particle action becomes complex and gives the WKB amplitude an imaginary part. The emission rate Γ of Parikh and Wilczek provides the rate with a leading order correction arising from the loss of black hole mass which corresponds to the energy carried by the radiated quantum. The result is written down simply as
where ∆S BH is the change of Bekenstein-Hawking entropy of the black hole between before and after the particle emission. For the low energy limit, eq.(1) becomes Γ ∝ exp (−βE), where β is the inverse Hawking temperature and E is the energy of the emitted particle. This is the usual Boltzmann factor. These facts indicate that the spectrum of black hole radiation is not exactly pure thermal. We call this method to calculate the rate Γ the null geodesic method. There have been considerable efforts to generalize this work to those of various black holes and the similar results which support Parikh and Wilczek's tunneling picture have been derived [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] . The other approach to the tunneling from a black hole is the Hamilton-Jacobi method considered by Angheben et al. [24] . In this method, the action of a emitted particle satisfies the Hamilton-Jacobi equation. Solving this equation, one finds that the action has an imaginary part. This imaginary part arises from a classically forbidden path for the emitted particle. Due to vacuum fluctuations near the horizon, a pair of particles can be created inside the horizon. If the positive energy particle tunnels out the horizon to infinity, it is observed as a Hawking radiation by a distant observer. In order to assure this process, it is required that a positive energy particle moves across the horizon from inside to outside. This path is obviously a classically forbidden path. This process, however, can be interpreted as a tunneling process quantum mechanically. We call this method the Hamilton-Jacobi method. Several investigations along this work have also been done and led to the correct Hawking temperatures [25, 26, 27, 28, 29] .
The difference of above two methods lies on the part where the classically impossible process occurs. The null geodesic method treats particles classically and the background geometry dynamically, namely, quantum mechanically. It is assumed that particles follow the geodesics and move classically. This is the reason we call it the null geodesic method. This method has the classical impossibility in the background geometry because the horizon of black hole can not contract classically. On the other hand, the Hamilton-Jacobi method treats the background geometry classically, namely, as a fixed background, and the particle which tunnels out the horizon is treated quantum mechanically. In the Hamilton-Jacobi method, the particle does not follow the geodesic but moves the classically forbidden path, namely, across the horizon path.
In this paper, we study Hawking radiation from the cosmological horizon by using the Hamilton-Jacobi and the null geodesic methods. This issue has been studied by using the former method in ref. [24] . But their result seems to have the wrong sign. The Hawking temperature with respect to the cosmological horizon has been given by eq.(4.8) of ref. [24] . In the vanishing black hole mass limit or empty de Sitter space limit, r C → l, their inverse Hawking temperature β C reduces to −2πl, which is obviously negative value. Since negative temperature seems to be unphysical, probably something may be wrong. In ref. [24] , the detailed calculation is not given. Thus, we shall reconsider the Hawking temperature of the cosmological horizon by using the Hamilton-Jacobi method. This is the first motivation of our paper.
The calculation of the emission rate from the cosmological horizon by the null geodesic method also has been studied in refs. [18, 19] for empty de Sitter space. At first sight, one may think that their calculation is consistent and correct. Although they have considered the process in which the cosmological horizon shrinks by taking into account the particle's self-gravitation, this contradicts the original idea of the null geodesic method. In this method, it is assumed that the positive energy particle follows its geodesic and moves the classically allowed path. If the cosmological horizon shrinks, the particle must move a classically forbidden path in order to materialize as Hawking radiation. In this paper, we consider the different tunneling process from the cosmological horizon using the null geodesic method and derive the new result which is different from refs. [18, 19] . This is the second motivation of our paper. In the null geodesic method, we consider the tunneling process that the cosmological horizon expands and the positive frequency particle moves along the classically allowed path. Although our tunneling process is different from that of refs. [18, 19] , it matches with the original idea of Parikh and Wilczek's tunneling picture [5] . Our result is consistent with the underlying unitary theory, that is, the emission rate is written down in the form of eq.(1). Furthermore, our result indicates that the value of the cosmological constant decreases due to energy conservation [30] .
The organization of this paper is as follows. In section II, we calculate the emission rate from the cosmological horizon by using the Hamilton-Jacobi method.
Although our result appears to be the unfamiliar expression, eq.(15), it is interpreted as a usual Boltzmann factor. Section III is devoted to the explanation of the difference between our tunneling picture and that of refs. [18, 19] . The emission rate by the null geodesic method is calculated in section IV. Finally, in section V, we discuss our result of this paper.
Throughout this paper, the metric signature adopted is (−, +, +, +). The use has been made of natural units, namely = c = G = 1 as well as k = 1.
II. HAMILTON-JACOBI METHOD
In this section, we calculate the emission rate from the cosmological horizon by using the Hamilton-Jacobi method. In order to explain its derivation in detail, we compare the calculation of the emission rate from the cosmological horizon with that of Schwarzschild black hole. It is shown that the emission rate from the cosmological horizon does not have a familiar form but it is interpreted as a usual Boltzmann factor.
We consider a static spherically symmetric spacetime described by the metric
where dΩ 2 is the metric of two dimensional unit sphere. This metric includes the Schwarzschild solution and the de Sitter solution as special cases. In this background, a massless scalar particle follows the Klein-Gordon equation ∇ µ ∇ µ φ = 0, where ∇ µ represents the covariant derivative with respect to the metric (2). We look for the solution having the form φ ∝ exp (iI + · · · ), where I denotes the classical action of the particle and dots represents the higher order terms in . If this classical action has an imaginary part, the emission rate Γ is given by
In the following, we calculate the emission rate along the similar line on ref.
[31] and then we check our result by using the proper distance approach which has been considered originally in ref. [24] . Note that in ref.
[31] the scalar particle is defined as φ ∝ exp (−iI + · · · ) so that some signs are different from ours. Inserting φ ∝ exp (iI + · · · ) into the Klein-Gordon equation, one finds the following equation to leading order in ,
This is the relativistic Hamilton-Jacobi equation for the classical action of a massless particle in curved spacetime.
By the symmetry of the background spacetime, we can use the separation of variables as follows,
where we have ignored the angular part because we consider the s-wave only in this paper. ω is a constant which corresponds to the frequency of the particle. From eqs. (4) and (5), the equation for W (r) becomes
and the solution of this equation is expressed as
where upper (lower) sign represents that the particle is the outgoing (incoming) wave. Now we consider the case of Schwarzschild black hole, in which the function f (r) in the metric (2) is written as f (r) = 1 − r H /r. Of course, r H = 2M is the radius of the horizon. For the Schwarzschild case, eq. (7) becomes
There is a pole at r = r H in the r integral. In order to avoid the pole we use Feynman's prescription and replace r − r H with r − r H − iǫ. This yields
where α is an integration constant and P () denotes the principal value. We are interested in the imaginary part of the classical action. From eqs. (5) and (9), they are given by
Incoming particles can fall behind the horizon along classically permitted trajectories, with a capture cross section of order of the horizon area. Hence, the classical action for incoming particles must be real. This determines the imaginary part of a constant α, Im α = πωr H . Therefore the emission rate from Schwarzschild black hole is written as
This is nothing but the Boltzmann factor with the temperature T H = 1/8πM which is the Hawking temperature of the Schwarzschild black hole. Note that in order to obtain the emission rate we have used the boundary condition for the incoming particle. This is equal to considering the ratio between the particle emission and absorption. It is known that semiclassically this ratio is given by P (emission) = e −βE P (absorption), where β is the inverse Hawking temperature and E is energy of the emitted particle [4] . Along the similar line, we consider the de Sitter case, namely, the emission rate from the cosmological horizon. For de Sitter spacetime, the function f (r) is given by f (r) = 1 − r 2 /r 2 H , where r H = l = 3/Λ is the radius of the cosmological horizon and Λ is the cosmological constant. In this case, eq. (7) has the form
In order to avoid the pole, we again use Feynman's prescription and replace r − r H with r − r H + iǫ instead of r − r H − iǫ. This is because the positive frequency particle is the incoming wave for the radiation from the cosmological horizon. Although the sign of iǫ is reversed in comparison with that of the Schwarzschild case, the positive frequency particle decays in time for both the Schwarzschild and de Sitter cases by these choices. Then, eq. (12) yields
and the imaginary part of the classical action becomes
For the de Sitter case, since outgoing particles can move away beyond the horizon along classically allowed paths, their actions are real. This gives Im α = −πωr H /2. Therefore the emission rate from the cosmological horizon becomes
If one identifies β C = −2πl as the inverse Hawking temperature of the cosmological horizon, the result of ref. [24] , Γ ∝ exp (−β C ω), is reproduced. Since negative temperature seems to be unphysical, however, we propose a different interpretation of the emission rate (15) . Before doing it, we shall derive the emission rate (15) by an another approach in which the proper spatial distance is used. As Angheben et al. have used originally the proper spatial distance to calculate the emission rate [24] , we check whether the replacement r−r H → r−r H +iǫ is consistent with the proper distance approach. For the metric (2), the proper distance σ is defined by
Using this proper distance, eq. (7) is written as
Since, near the horizon, function f (r) is expanded as
Then W (r) has the following form,
First, we shall consider the Schwarzschild case where |f ′ (r H )| = 1/2M . To avoid the pole at σ = 0, we use Feynman's prescription σ → σ − iǫ. Then the imaginary part of the classical action is given by
where α is a constant. Here we have used the fact that the integral contour is transformed from a semicircle to a quarter circle by coordinate transformation r → σ [32] which is given by eq. (18). This contour yields the factor iπ/2 on the imaginary part rather than iπ. Equation (20) is the same with eq.(10) so that the emission rate from Schwarzschild black hole is given by eq. (11). This is consistent with the previous result for the emission rate. Next, we consider the de Sitter case. One may expect that if the same calculation with the Schwarzschild case is done, the correct result will be derived. There is, however, the difference between the Schwarzschild case and the de Sitter case with respect to the definition of the proper spatial distance. For the Schwarzschild case, from eq.(16) the proper distance is given by
where we have chosen an integration constant as σ = 0 at r = r H . This proper distance is positive definite as long as r > r H . On the other hand, for the de Sitter case, if the same definition, eq. (16), is used, one finds
As before, an integration constant has been chosen as σ = 0 at r = r H . This proper distance is negative definite when r < r H . For the Schwarzschild case, the outgoing wave which has the positive frequency propagates toward the σ increasing direction. On the other hand, for the de Sitter case, the incoming wave which has the positive frequency propagates toward the σ decreasing direction.
To avoid the sign ambiguity of the iǫ prescription, we use the same relation between the direction of motion of the positive frequency particle and the direction of σ axis for both the Schwarzschild and de Sitter cases. In order to make σ positive definite, we define the proper distance as
for the de Sitter case instead of eq. (16) . Then the proper distance becomes
This proper distance is positive definite when r < r H and measures the proper distance from the cosmological horizon r H to a certain point r (r < r H ). By this definition, the incoming wave which has the positive frequency moves toward the σ increasing direction as the Schwarzschild case. Note that the minus sign in eq. (23) arises from the fact that the upper bound and the lower bound of the integral is reversed. For the Schwarzschild case, in eq. (16)
One can obtain the imaginary part of the classical action from eq.(19) with the replacement σ → −σ, but the expression for W (r) remains eq. (19) , where the upper bound is larger than the lower bound of the integral. Next, we use Feynman's prescription in order to avoid the pole. Since we have expressed the action by the proper distance, the positive frequency particle moves toward σ increasing direction for both the Schwarzschild and de Sitter cases. So we need not now take into consideration the direction of motion when Feynman's prescription is used. In other words, for both spacetimes, we can use the replacement σ → σ − iǫ equally. Consequently, the imaginary part of the action becomes
where α is a constant. This is the same expression with eq. (14) so that the emission rate from the cosmological horizon is given by eq. (15) again. Finally, we propose a new interpretation of the emission rate (15). As mentioned above, if one identifies the inverse Hawking temperature of the cosmological horizon as β C = −2πl, the emission rate is written as
which appears to be a usual Boltzmann factor and this agrees with the result of ref. [24] . Negative temperature, however, seems to be unphysical for the emission rate. Rather, it is natural to consider that temperature is always positive. In this paper we stand this point of view and identify β C = 2πl as the inverse Hawking temperature. Then the Hawking temperature of the cosmological horizon is, of course, given by a well known result T H = 1/2πl [33] . Using this temperature, the emission rate (15) becomes Γ ∝ exp (β C ω). We write it as follows,
In order to explain the physical meaning of eq. (27), we shall recall the Schwarzschild-de Sitter solution which is represented by the metric (2) with
Hereafter we distinguish the terms "energy" and "mass". The Schwarzschild-de Sitter solution approaches the usual Schwarzschild solution in the limit l → ∞ so that the parameter m represents the mass of black hole. On the other hand, it is known that the energy of this system is given by E = −m [34] . That is, positive "mass" is measured as negative "energy" in de Sitter space. Similarly, we shall distinguish the terms "energy" and "frequency" when we discuss the problem of the particle emission from the cosmological horizon in empty de Sitter space. If a emitted particle has positive "frequency" ω, it will be measured as negative "energy" E = −ω. If this particle collapses to a black hole near r = 0, then the metric after the collapse will be described by eqs. (2) and (28) with m = ω. This spacetime has the black hole mass ω and the energy E = −ω. It is reasonable to consider that this collapse will occur naturally because the total energy is conserved before and after the collapse. From these facts, we can recognize that for a particle with the positive frequency ω, its energy is expressed as E = −ω. Then the emission rate is written by means of this energy as eq. (27) . As a result, we find that eq. (15) or (27) represents the usual Boltzmann factor with the inverse Hawking temperature β C = 2πl.
III. NULL GEODESIC METHOD
In this section, we consider the particle emission by the null geodesic method. Here we stress the fundamental difference between our approach and others. The emission rate is calculated concretely in the next section.
To begin with, we review the original idea of quantum tunneling by Parikh and Wilczek [5] . Their tunneling picture is based on a pair creation of particles near the horizon with zero total energy. If a negative energy particle is closer to the center of the black hole than a positive energy particle, the positive energy partner will see the horizon shrink and may find itself on the outside of the black hole. The contribution of the negative energy particle to the background geometry makes the event horizon contract from the original radius to the new smaller one. If the positive energy particle lies on the outside of the new horizon and propagates classically to infinity, it is observed as Hawking radiation.
To describe across-horizon phenomena, it is necessary to choose coordinates which are not singular at the horizon. A particular suitable choice is Painlevé coordinates.
Tunneling picture from Schwarzschild black hole. The event horizon contracts from the initial radius ri = 2M to the final radius r f = 2(M − ω). A pair creation occurs at ri − ǫ from which the outgoing positive energy particle starts to move along its geodesic. The particle materializes as a real particle at r f + ǫ, from which it propagates classically to infinity.
For Schwarzschild black hole, it is written as follows [5] ,
(29) Then the radial null geodesics are given bẏ
with the upper (lower) sign corresponding to the outgoing (incoming) geodesics, under the implicit assumption that t increases toward the future. These equations are modified when the particle's self-gravitation is taken into account. If the total energy is fixed by energy conservation, we should use eqs. (29) and (30) with M → M − ω, where ω is the energy of the emitted particle. The null geodesic method assumes that the positive energy particle follows the classical orbit, namely, its geodesic. When a pair creation occurs inside the horizon, one finds, from eq.(30), both incoming and outgoing particles move toward r = 0. Hence, particles can not escape from the black hole. In the idea of Parikh and Wilczek, one treats the background geometry dynamically. As mentioned above, the contribution of the negative energy particle makes the horizon contract. This is the classically impossible process. Classically, black hole can increase the area according to Hawking's area theorem, but can not decrease it or radius. In the null geodesic method, this impossibility is not valid due to quantum mechanical effect by which the particle emission can occur. By energy conservation, if the particle which has the positive energy ω is emitted, the radius of black hole must contract. The authors of ref. [5] express these phenomena in their paper as follows. "Although this radially inward motion appears at first sight to be classically allowed, it is nevertheless a classically forbidden trajectory because the apparent horizon is itself contracting" and "the outgoing particle starts from r = 2M − ǫ, just inside the initial position of the horizon, and traverses the contracting horizon to materialize at r = 2(M − ω) + ǫ, just outside the final position of the horizon". This situation is drawn in Fig.1 . There are two key points in the null geodesic method. First, the positive energy particle moves along a classically allowed path or its geodesic. Second, the contracting horizon passes the positive energy particle from behind. Therefore the radius of the initial horizon must be larger than that of the final horizon of the black hole.
Along the similar line, we consider the tunneling from the cosmological horizon. The line element of de Sitter space in Painlevé coordinates is expressed as follows [18] ,
The radial null geodesics are given bẏ
where upper (lower) sign represents the outgoing (incoming) geodesics. When the particle is beyond the horizon (r > l), both outgoing and incoming geodesics correspond to increasing r and the particle never crosses the horizon classically. This is the important fact in order to apply the null geodesic method to the cosmological horizon.
Suppose that the pair creation occurs outside the horizon. If the incoming particle starts from r = l + ǫ, just outside the initial position of the horizon, it moves towardṙ > 0 direction according to its geodesic. In order to materialize at the point just the final position of the horizon, the cosmological horizon must expand. So the phenomenon drawn in Fig.2 is required to emit the particle from the cosmological horizon. Hence the contribution of the negative frequency particle to the background geometry must make the cosmological horizon expand.
Meanwhile, the quantum tunneling from the cosmological horizon has been already studied by Parikh [18] and Medved [19] for empty de Sitter space. They, however, have assumed that the background geometry changes from empty de Sitter space to Schwarzschild-de Sitter space. If this happens, the radius of the cosmological horizon contracts (r f < r i ). In this case, if the positive frequency particle follows its geodesic, the tunneling can not occur, because the horizon does not pass the particle from behind. Both authors of refs. [18, 19] , further, have assumed that the pair creation occurs just outside the initial horizon and the positive frequency particle tunnels out just inside the final horizon. Indeed, Parikh claims in ref. [18] as follows. "We expect r i to correspond roughly to the site of pair creation, which should be slightly outside the horizon" and "We expect r f to be a classical turning point, at which the semiclassical trajectory (i.e. instanton) can join onto a classical-allowed motion. This
Tunneling picture from the cosmological horizon. The horizon expands from the initial radius ri = l to the final radius r f = l + ω (see section IV for the details of the final radius r f ). A pair creation occurs at ri + ǫ from which the incoming positive frequency particle starts to move along its geodesic. The particle materializes as a real particle at r f − ǫ, from which it propagates classically inward the origin (r = 0).
Tunneling picture which has been considered in refs. [18, 19] . The cosmological horizon contracts from the initial radius ri to the final radius r f , because the background changes from empty de Sitter space to Schwarzschild-de Sitter space. A pair creation occurs at ri + ǫ. The path from ri + ǫ to r f − ǫ is the classically forbidden one. Thus, it is not allowed to use this path in the null geodesic method. must be slightly within the horizon." Under the assumption that the cosmological horizon shrinks, this situation is drawn as Fig.3 . In this process, obviously, the emitted particle does not follow the classically allowed path because all particles move towardṙ > 0 direction for r > l.
From these facts, we think that the calculation of the tunneling rate from the cosmological horizon studied in refs. [18, 19] may be wrong or does not match with the original idea of quantum tunneling constructed in ref. [5] . By these reasons, in the next section, we investigate the emission rate from the cosmological horizon using the null geodesic method based on Fig.2 . The fundamental difference between ours and refs. [18, 19] lies on the change of the horizon radius and the path of the positive frequency particle.
IV. THE EMISSION RATE
In this section, we calculate the emission rate from the cosmological horizon based on the consideration of previous section and Fig.2 .
The imaginary part of the action of an s-wave incoming particle which crosses the horizon can be written as [5] Im I = Im
Using Hamilton's equation, we change the variable from momentum to energy, then we have
Here we must consider two problems. The first problem is what is the total energy or Hamiltonian of de Sitter space. The other is how to include the back-reaction effect by particle's self-gravitation. We can estimate the variation of Hamiltonian dH easily. In section II, we have given the energy of the emitted positive frequency particle as E = −ω. Since the pair creation occurs with zero total energy, the negative frequency partner should have the energy E = +ω. Thus, the variation of Hamiltonian is given by dH = +dω. Meanwhile, for the change of the horizon radius, we can also have the simple estimation as follows. First, temperature and entropy of de Sitter space is T H = 1/2πl and S = πl 2 . Since de Sitter space is one parameter spacetime as Schwarzschild spacetime, one can deduce that temperature, entropy and energy of the system satisfies the relation
For de Sitter space, the right hand side of eq. (35) yields T H dS = dl. Hence, the total energy of de Sitter space should have the form E = l+const., where constant term is not important for latter considerations. Thus we can use H = l as the Hamiltonian. When the contribution of the negative frequency particle to the background geometry is taken into account, the energy +ω is added and one has H ′ = l + ω as the modified Hamiltonian. Therefore, the effect of back-reaction makes the horizon expand from the original radius r i = l to the new larger one r f = l + ω. This is the expected result, because the expansion of the radius of the cosmological horizon does not contradict with the tunneling picture of Fig.2 .
Although the fact that the contribution of the negative frequency particle increases the energy of the system appears at first sight to be curious, this can be understood naturally. The horizon radius l is related to the cosmological constant Λ as l = 3/Λ. When l becomes large, Λ must decrease. Then the vacuum energy density Λ/8π also decreases. Thus, one finds intuitively that the true energy of the system never increases. The origin of the reversed sign for the energy lies on the negative binding energy between matters and gravitational field of de Sitter space [35] .
Returning to the calculation of the emission rate, we use dH = +dω and the replacement l → l + ω. Then the imaginary part of the action becomes
where we have used Feynman's prescription, ω ′ → ω ′ −iǫ. Performing the integrations, eq.(36) results in
then the emission rate has the following form,
We find that the leading term gives the thermal Boltzmann factor for the radiation, and that the second term represents the correction from the response of the background geometry to the emission of a quantum. In fact, the leading term agrees with eq. (15) . Hence, our interpretation about the energy in section II is consistent with the result by the null geodesic method. That is, the leading emission rate is written by means of β C = 2πl and E = −ω as eq. (27) . If the entropy expression is used, equation (38) can be written in the more elegant form. Since the initial entropy of de Sitter space is S i = πl 2 and the final entropy is S f = π(l+ω) 2 , one can write the emission rate, eq.(38), as follows,
This expression agrees with eq. (1) which is the important result of ref. [5] . So, the emission rate is represented by the entropy difference between before and after the particle emission. Although we do not have the exact expression of the emission rate including the quantized gravity, quantum field theory tells us that the rate must be written as [18] 
where M f i is the amplitude for the emission process. The phase space factor is obtained by summing over the final states and averaging over the initial states. Since the number of states is just the exponent of the entropy, the phase space factor is given by e S f /e Si = exp (∆S BH ). This is nothing but eq. (1) or (39) and agrees with the our result. Therefore our result shows that the emission rate deviates from the pure thermal emission and it is in full consistency with the unitary theory.
Finally, we note that our consideration of the tunneling from the cosmological horizon have used the null geodesic method. In this method, since the positive frequency particle follows its geodesic, the cosmological horizon must expand or the final radius of the cosmological horizon must become larger than the initial radius. Suppose that the initial horizon is r i = l i and the final horizon r f = l f . Then, since the horizon radius is related to the cosmological constant Λ as l = 3/Λ, the relation r i < r f leads us to the result
where Λ i is the initial cosmological constant and Λ f is the final one. This means that the value of the cosmological constant decreases by the particle emission from the cosmological horizon. This will afford an active credence to our previous work on the thermodynamic consideration of the cosmological constant [30] . Our consideration can be applied to not only empty de Sitter solution but also black hole solutions in de Sitter space which have two event horizons. Some investigations similar to refs. [18, 19] have been done for these solutions [20, 21, 22, 23] , in which they have considered the process that the cosmological horizon contracts. Thus, their results may not describe the tunneling process by the null geodesic method on the correct way. For the cosmological horizon of black hole solutions in de Sitter space, similaly, one needs to consider the horizon expanding process in order to assure quantum tunneling.
V. DISCUSSION
In this paper, using the Hamilton-Jacobi and the null geodesic methods, we have investigated the emission rate from the cosmological horizon by quantum tunneling. We have shown that the leading order emission rate is given by eq. (15) or (27) and that the rate which includes the response of the background geometry is given by eq. (38) or (39) .
There are two important key points in our consideration. The first is the interpretation of the emission rate by the sign reversed energy, eq. (27) . In de Sitter space, the energy of a black hole with mass m is evaluated as E = −m [34] . Along the similar line, we have proposed that the emitted particle should have energy E = −ω, where ω is the positive frequency of the particle. Then temperature of de Sitter space corresponds to the usual result β C = 2πl [33] . The other key point is the change of the radius of the cosmological horizon in the null geodesic method. When the particle's self-gravitation is taken into account, the horizon should expand in order to assure quantum tunneling. If the horizon contracts, the pair created particle can not tunnel out the horizon. The authors of refs. [18, 19] have assumed that by a pair creation the background geometry changes from empty de Sitter space to Schwarzschild-de Sitter space. This, however, leads to the contraction of the cosmological horizon. Although they have considered that the positive frequency particle collapses to a black hole, the unobserved negative frequency particle does not contribute to the background geometry in their process. It contradicts with the original idea of quantum tunneling constructed in ref. [5] . From this reason, we have reconsidered the tunneling process in this paper.
Our study has an another important implication about the cosmological constant. When the radius of the cosmological horizon expands, the value of the cosmological constant must decrease through the relation l = 3/Λ. If Λ does not decrease, the cosmological horizon does not expand. Therefore, the pair created negative frequency particle should contribute to the background geometry as the horizon radius expands or the value of the cosmological constant decreases. This will provide a strong confirmation to our previous work about thermodynamic consideration of the cosmological constant [30] .
The decrease of the cosmological constant has physical meaning as follows. First, the second law of thermodynamics holds for de Sitter space. Since the entropy of de Sitter space is given by S = 3π/Λ, S increases according to the decrease of Λ. Furthermore, the third law of thermodynamics also holds for de Sitter space. Temperature of de Sitter space is given by T H = 1/2πl or T H = (1/2π) Λ/3. As quantum tunneling occurs, Λ continues to decrease but never be zero or negative. This is because the tunneling never happens if the final horizon does not exist. In order to exist the cosmological horizon, the cosmological constant Λ must be positive. Therefore, de Sitter space remains to be de Sitter space decreasing Λ gradually. According to the third law of thermodynamics, temperature of the system never reaches to zero by finite physical processes so that the cosmological constant never has the zero value. Even if Λ approaches zero, it never takes the exact zero value. Second, the Painlevé coordinates (31) and planar coordinates
are related each other by the coordinate transformation r = ρ e t/l so that the time coordinates are the same in both coordinates. Thus, the decay rates of the cosmological constant per unit time are also the same. Planar coordinates describe the exponential expansion of our universe with a scale factor e t/l . Therefore, our universe will be de Sitter with decreasing Λ in future. From this point of view, our result does not seem to contradict with the observational value of the cosmological constant which is extremaly small. Third, if one believes the no boundary proposal for the quantum creation of universe by Hartle and Hawking [36] , the most probable state is given by the nearly zero cosmological constant state [37, 38] . The decrease of the cosmological constant by quantum tunneling may imply that our universe gradually makes a transition towards the most probable state, that is, Λ → 0 state. Our result indicates that semiclassical consideration does not contradict with these early works.
The thermal decay of the cosmological constant has been studied recently in refs. [39, 40] . They have treated the decay process as quantum tunneling or thermal activation. It is the natural next step to consider the relation between their decay process of the cosmological constant and our tunneling approach for the cosmological horizon. Although we do not still have the detailed mechanism for the decay of the cosmological constant by Hawking radiation from the cosmological horizon, the underlying physics is probably the same. We hope that this tantalizing problem will be understood in the future.
